Abstract. Given a group, we construct a fundamental additive functor on its orbit category. We prove that any isomorphism conjecture valid for this fundamental additive functor holds for all additive functors, like K-theory, cyclic homology, topological Hochschild homology, etc. Finally, we reduce this fundamental isomorphism conjecture to K-theoretic ones.
Introduction and statement of results

Isomorphism conjectures.
The Farrell-Jones isomorphism conjectures are important driving forces in current mathematical research and imply well-known conjectures due to Bass, Borel, Kaplansky, Novikov; see a survey in Lück [14] .
Given a group G, the Farrell-Jones conjectures predict the value of algebraic Kand L-theory of the group ring RG in terms of its values on the virtually cyclic subgroups of G ; here R is a fixed base commutative ring. In [6] , Davis and Lück proposed the following unified setting for these isomorphism conjectures ; see § 2. Let F be a family of subgroups of G and E : Or(G) → Spt a functor from the orbit category of G to spectra. The (E, F , G)-assembly map is the induced map (1.1.1) hocolim
Or(G,F )
E −→ hocolim
where Or(G, F ) ⊂ Or(G) is the orbit category restricted on F . We say that the functor E has the F -assembly property for G when the map (1.1.1) is a stable weak equivalence, i.e. when it induces an isomorphism on stable homotopy groups. When we speak of the (E, F , G)-isomorphism conjecture, we refer to the expressed hope that this property holds for a particular choice of E, F and G. Davis and Lück proved that the Farrell-Jones conjecture in K-theory for G is equivalent to the (K, VC, G)-isomorphism conjecture, where K is non-connective K-theory (see § 4.2) and VC the family of virtually cyclic subgroups of G. The first step in their approach is the construction of a functor to R-linear categories (1.1.2) Or(G)
for homotopy K-theory (KH) [2, § 7] , for Hochschild homology (HH) and cyclic homology (HC) [16, § 1] , or for topological Hochschild homology (T HH) [15, § 6] . This simple idea of letting the functor E and the category M float freely generates a profusion of potential isomorphism conjectures :
Or(G) 1.2. Non-commutative motives. A differential graded (=dg) category, over our fixed base commutative ring R, is a category enriched over cochain complexes of R-modules (morphisms sets are complexes) in such a way that composition fulfills the Leibniz rule : d(f • g) = (df ) • g + (−1) deg(f ) f • (dg); see Keller [12] and § 3. There is a Quillen model structure on dgcat, the category of small dg categories, with weak equivalences being derived Morita equivalences (see § 3.2).
All the classical invariants such as Hochschild and cyclic homology, connective, non-connective, and homotopy K-theory, and even topological Hochschild homology, extend naturally from R-algebras to dg categories ; see § 4. In order to study all these invariants simultaneously the notion of additive invariant was introduced in [24, § 15] . It makes use of the language of Grothendieck derivators, a formalism which allows us to state and prove precise universal properties ; see Appendix B. Let E : HO(dgcat) → D be a morphism of derivators, from the derivator associated to dgcat, to a strong triangulated derivator D. We say that E is an additive invariant if it preserves filtered homotopy colimits and the terminal object, and if it sends split exact sequences to direct sums
E (I) E (S)] : E (A) ⊕ E (C)
∼
−→ E (B) .
By the additivity results of Keller [13] , Waldhausen [30] , Schlichting [23] , Weibel [31] , and Blumberg-Mandell [1] (see also [26] ), all the above classical theories are additive invariants. In [24, Def. 15 
through which all additive functors on Or(G) factor.
Intuitively Theorem 1.3.1 allows us to comb the skein (1.1.3) from the left to isolate a fundamental additive functor 
A key point is that the right-hand functors E preserve homotopy colimits (not only filtered ones). Hence they will preserve any assembly property that E fund might enjoy. We then obtain the following answer to our Question A :
Corollary (see Cor. 6.0.12). Let G be a group and F a family of subgroups. If the fundamental additive functor E fund has the F -assembly property, so do all additive functors on Or(G).
After this moment of exaltation, let us make clear that the F -assembly property for E fund has essentially no chance to hold for random choices of G, F and R. For instance, if F = VC this property would imply the (K, VC, G)-isomorphism conjecture for R = Z and for K being connective K-theory (see § 4.1). And this is known to fail aready for G = Z 2 because of the Bass-Heller-Swan decomposition; see [17, Rem. 1.15] . However, if R is a regular ring (i.e. noetherian and of finite projective dimension) in which the orders of all finite subgroups of G are invertible, then the above obstruction vanishes because the (K, VC, G)-isomorphism conjecture follows from the Farrell-Jones conjecture ; see Proposition 2.5.2. This might suggest the following "mother" of many isomorphism conjectures :
Mamma Conjecture. Given a group G, the fundamental additive invariant E fund has the VC-assembly property when the base ring R is regular and the orders of all finite subgroups of G are invertible in R (e.g. for R a regular Q-algebra). Corollary 1.3.2 says that the Mamma conjecture implies all additive conjectures on the market, for that coefficient ring R and that group G, with respect to virtually cyclic subgroups. Note that our choice of the family of virtually cyclic groups is merely borrowed from Farrell-Jones and another family F might be preferable. In any case, the main result is that once this is achieved for some family F , then all additive functors will automatically inherit the same F -assembly property.
For Question B, we would like to reduce the F -assembly property for E fund , whose importance should now be clear, to the F -assembly property for more down-toearth functors. To do this, we consider functors which are cooked up via K-theory and dg categories as follows. Given a small dg category B, consider the functor K(−; B) : Or(G) → Spt defined for every G/H ∈ Or(G) by
Some explanations are in order. For any small dg category A, we denote by rep dg (B, A) the internal Hom-functor, between B and A, in the derived Morita homotopy category; see § 3.3. If B is the dg category R with one object and with R as dg algebra of endomorphisms, then the functor K(−; B) reduces to the usual connective K-theory functor K. Hence, when B is a general small dg category, the functor K(−; B) can be thought of as a "coefficients variant" of K; see Example 6.0.8. The functor K(−; B) is not additive in general, mainly because B might be too large. Therefore, we restrict to dg categories B which are homotopically finitely presented ; see Definition A.0.13. Heuristically, this condition is the homotopical version of the classical notion of finite presentation. In particular the above example B = R is homotopically finitely presented. Our solution to Question B is :
1.3.3. Theorem. Let G be a group and F be a family of subgroups. Then the following conditions are equivalent :
(1) The fundamental additive functor E fund has the F -assembly property for G. The proof occupies § 7. The strictly finite dg cells of (3) form a set of homotopically finitely presented dg categories which are especially small. Roughly speaking, they are the dg category analogues of finite CW-complexes, namely they are built by attaching finitely many basic cells, chosen among the dg analogues S(n−1) → D(n) of the topological inclusion S n−1 ֒→ D n ; see Definition 3.1.1. Via Theorem 1.3.3, the Mamma conjecture now boils down to K-theory :
Mamma Conjecture (revisited). Given a group G, the functors K(−; B) have the VC-assembly property for all strictly finite dg cells B, when the base ring R is regular and the orders of all finite subgroups of G are invertible in R.
In the case of B = R, the above conjecture basically is the Farrell-Jones conjecture; see Remark 2.5.3. Hence, the Mamma conjecture amounts to a coefficients variant of the classical Farrel-Jones conjecture, with strictly finite dg coefficients B. Its importance (and that of Theorem 1.3.3) relies on the fact that it simultaneously implies all additive isomorphism conjectures on the market and yet is described solely in terms of K-theory. One can therefore expect that future research will adapt existing proofs of the Farrell-Jones conjecture for specific classes of groups to prove the Mamma conjecture, with the benefits explained above.
At some stage, and at least before § 4.6, the reader who is not familiar with the language of Grothendieck derivators should proceed to Appendix B, where we also prove that the operations of stabilization and of left Bousfield localization of derivators commute (Theorem B.4.1). The latter result is of independent interest.
The Davis and Lück approach
In this section, we recall Davis and Lück's reformulation [6] of the Farrell-Jones conjecture in K-theory. This will be the stepping stone for the construction of the fundamental additive functor in § 6. Let G be a (fixed) group.
2.1. The orbit category. The orbit category Or(G) of G has as objects the homogeneous G-spaces G/H, considered as left G-sets, and as morphisms the Gequivariant maps. A family F of subgroups of G is a non-empty set of subgroups of G which is closed under conjugation and finite intersection. Examples of families of subgroups are given by the family F in of finite subgroups, by the family of cyclic subgroups (finite and infinite), and by the family VC of virtually cyclic subgroups ; recall that H is virtually cyclic if it contains a cyclic subgroup of finite index.
The orbit category Or(G, F ) restricted on F is the full subcategory of Or(G) consisting of those objects G/H for which H belongs to F .
2.2.
F -assembly property. The F -assembly property can be generalized from spectra ( § 1.1) to any target model category M. Let F be a family of subgroups of G and let E : Or(G) → M be a functor. The (E, F , G)-assembly map is the map (2.2.1) hocolim
in M. We say that E has the F -assembly property (for G) when that map is an isomorphism in Ho(M).
A typical approach in the Davis and Lück philosophy (mostly with M = Spt) is the following : Given G and E, find as small a family F as possible for which E has the F -assembly property. For instance, for the Farrell-Jones isomorphism conjectures in K-and L-theory, one expects F to reduce to virtually cyclic subgroups.
Conceptually, the F -assembly property for a functor E : Or(G) → M essentially means that it is induced from its restriction to Or(G, F ), up to homotopy, i.e. it belongs to the image of the functor on homotopy categories
left adjoint to the obvious functor in the other direction, defined by restriction from Or(G) to Or(G, F ). This is explained in [1] , where we say that the functor E satisfies Or(G, F )-codescent if E belongs to the image of LInd up to isomorphism in Ho Fun(Or(G), M) . This is equivalent to the F -assembly property for G and for all its subgroups. However, we shall not use the language of [1] here.
2.3. Transport groupoid. Let S be a left G-set. The transport groupoid S associated to S has S as the set of objects and the following morphisms Hom S (s, t) := {g ∈ G | gs = t} for s, t ∈ S. Composition is given by group multiplication. This defines a functor ? : Or(G) −→ Grp from the orbit category to the category of groupoids. Note that for every subgroup H of G, the groupoid G/H is connected. Hence it is equivalent to the full subcategory on any of its objects, for instance the canonical object eH ∈ G/H, whose group of automorphisms is H. So, if we think of the group H as a one-object category, denoted H, we have an equivalence of groupoids H ∼ → G/H. In other words, the groupoid G/H is a natural several-object replacement of the group H.
R-linearization.
We now recall the passage from groupoids to R-categories, i.e. additive categories enriched over the symmetric monoidal category of R-modules. Let C be a groupoid. The associated R-category R[C] is the idempotent completion of the R-category R[C] ⊕ whose objects are the formal finite direct sums of objects of C and whose morphisms are the obvious matrices with entries in the free R-modules R[C(X, Y )] generated by the sets C(X, Y ). Composition in R[C] ⊕ is induced from composition in C and matrix multiplication. Idempotent completion is the usual formal creation of images and kernels for idempotent endomorphisms. The construction C → R[C] yields a well-defined functor
with values in the category of (idempotent complete) R-categories. For instance, for a one-object groupoid H, the category R[H] ⊕ is equivalent to that of free RHmodules of finite rank and its idempotent completion R[H] is equivalent to the category of finitely generated projective RH-modules.
K-theory.
Recall from [21] that we can associate to every R-category C its non-connective K-theory spectrum K(C), defining a functor K : R-cat → Spt. Putting all these constructions together, we obtain the following composed functor
As usual, one obtains the K-theory groups K * by taking (stable) homotopy groups. Thanks to the arguments in § 2.3 we have the following identifications
which explain why the K-theory functor (2.5.1) defined on Or(G) is indeed the expected one. This allowed Davis and Lück to prove in [6] the equivalence between the Farrell-Jones conjecture in K-theory for G and the (K, VC, G)-isomorphism conjecture, i.e. the fact that the functor (2.5.1) has the VC-assembly property.
Of course, there is also a classical connective K-theory functor, here simply denoted by K : R-cat → Spt. We now discuss a connection between K and K. Proof. We have a commutative diagram of natural maps
By [17, Prop. 2.14], δ is a stable weak equivalence. Moreover, as shown in the proof of [17, Prop. 2.14], the group rings RH, with H < G finite, are regular rings. This implies that γ is a stable weak equivalence. Since β induces a monomorphism on stable homotopy groups, if ǫ is a stable weak equivalence then so is α.
2.5.3.
Remark. Conversely, under the above assumptions about R and G, one expects the spectrum K(RG) to be non-connective; see [16, § 3.1.1] . In this case, the above proof also gives the converse to the statement of Proposition 2.5.2.
Dg categories
We review some aspects of the theory of dg categories and introduce the notion of strictly finite dg cell. For a survey article, we invite the reader to consult Keller [12] .
Let A be a small dg category ( § 1.2). The opposite dg category A op of A has the same objects as A and complexes of morphisms given by A op (x, y) := A(y, x). The category Z 0 (A) has the same objects as A and morphisms given by Z 0 (A)(x, y) := Z 0 (A(x, y)), the 0-cycles in the chain complex A(x, y). The homotopy category H 0 (A) of A has the same objects as A and morphisms given by
, with values in the dg category C dg (R) of complexes of R-modules. We denote by C(A) (resp. by C dg (A)) the category (resp. dg category) of A-modules. Recall from [12, Thm. 3.2] that C(A) carries a standard projective model structure. The derived category D(A) of A is the localization of C(A) with respect to quasi-isomorphisms. Finally, let perf dg (A) be the dg category of perfect A-modules, i.e. the full dg subcategory of C dg (A) spanned by the cofibrant A-modules that become compact [20, Def. 4.2.7] in the triangulated category D(A).
3.1.
Strictly finite dg cells. Let R be the small dg category with one object * and such that R( * , * ) := R (in degree zero), where R is the base ring. For n ∈ Z, let S n be the complex R[n] (with R concentrated in degree n) and let D n be the mapping cone on the identity of S n−1 . We denote by S(n) the dg category with two objects 1 et 2 such that S(n)(1, 1) = R , S(n)(2, 2) = R , S(n)(2, 1) = 0 , S(n)(1, 2) = S n and composition given by multiplication. We denote by D(n) the dg category with two objects 3 and 4 such that D(n)(3,
n and with composition given by multiplication. Finally, let ι(n) : S(n − 1) → D(n) be the dg functor that sends 1 to 3, 2 to 4 and S n−1 into D n via the map incl : S n−1 → D n which is the identity on R in degree n − 1 :
We denote by I the set consisting of the dg functors {ι(n)} n∈Z and the dg functor ∅ → R (where the empty dg category ∅ is the initial one). 
We denote by Ho(dgcat) the homotopy category hence obtained.
3.3.
Internal Hom-functor. Given dg categories B and A their tensor product B ⊗ A is defined as follows. The set of objects is the cartesian product and, given objects (z, x) and (w, y) in B ⊗ A, we set (B ⊗ A)((z, x), (w, y)) := B(z, w)⊗ A(x, y). This tensor product can be naturally derived into a bifunctor
which gives rise to a symmetric monoidal structure on Ho(dgcat). By Toën [28, Thm. 6 .1] the bifunctor (3.3.1) admits an internal Hom-functor rep dg (−, −). 1 Given small dg categories B and A, rep dg (B, A) is the full dg subcategory of C dg (B op ⊗ L A) spanned by the cofibrant B-A-bimodules X such that, for every object z in B, the A-module X(z, −) belongs to perf dg (A); by a B-A-bimodule we mean a dg functor dg (B, A) ) . If B = R, then the dg category rep dg (R, A) is derived Morita equivalent to A and so E(−; R) reduces to E. Hence, when B is a general homotopically finitely presented dg category, E(−; B) can be thought of as a "coefficients variant" of E.
4.6.3. Remark. Any R-algebra A can be seen as a small dg category A with one object and with A as the dg algebra of endomorphisms. Note that the above invariants § 4.1-4.5 verify the "agreement property", i.e. when we apply them to A we recover the classical invariants associated to A.
Reordering the model of the additive motivator
We modify the Quillen model for the additive motivator Mot 
with respect to sets of morphisms E s un , p and Σ; see [24, § 14] for details. Heuristically, inverting Σ is responsible for inverting Morita equivalences, inverting p is responsible for preserving the terminal object and, inverting E s un is responsible for mapping split exact sequences of dg categories to split triangles in the homotopy category. 
Now, consider the Yoneda functor
where every set dgcat f (?, B) is considered as a simplicially-constant simplicial set and Σ ∞ (−) denotes the infinite suspension spectrum. If F is a fibrant object in Fun(dgcat op f , Spt), we have the following weak equivalences :
We also have a homotopical Yoneda functor 
where Ω( E s un ), Ω(p) and Ω(Σ) are obtained by stabilizing the sets E s un , p and Σ in Fun(dgcat 
HO(dgcat
Here, HO(dgcat f ) is the prederivator associated with the full subcategory dgcat f of dgcat (see B. 
Proof. Condition (1) sends homotopy cofiber sequences into homotopy fiber sequences, implies that an object F is Ω( E s un )-local if and only if every split exact sequence in dgcat f induces a homotopy fiber sequence in Ho(sSet • ) for every n ≥ 0; see [24, Prop. 14.8] . (4), notice that Ho(Spt) is a triangulated category and so the homotopy fiber sequences
are also homotopy cofiber sequences. This implies that
is a homotopy cofiber sequence and so also a homotopy fiber sequence. This shows condition (4) and so the proof is finished.
We finish this subsection by describing an explicit set of generators. ) and Ω(p), which completes the proof.
Fundamental additive functor
We introduce the notion of additive functor on the orbit category, give several examples, and construct the fundamental functor which satisfies additivity.
Note that every R-category (see § 2.4) can be naturally considered as a dg category (with complexes of morphisms concentrated in degree zero). Given a group G, we thus obtain a composed functor
This functor is the basic piece. We now consider all functors obtained from composing it with an additive invariant of dg categories.
6.0.7. Definition. Let M be a stable model category (see Rem. B.1.3) and E : Or(G) → M a functor. We say that E is additive if it factors through (6.0.6) followed by a functor E : dgcat → M whose associated morphism of derivators E : HO(dgcat) → HO(M) is an additive invariant of dg categories (see § 1.2).
The factorization of Definition 6.0.7 should not be confused with the one we want to establish in Theorem 6.0.11 (that is, via the fundamental additive functor E fund ). We rather restrict attention to functors on the orbit category that only depend on the associated dg category. This is a mild restriction since all the classical functors have been extended to dg categories, as explained in § 4.
6.0.8. Examples. Recall from § 4 several examples of functors E : dgcat → M defined on the category of dg categories (e.g. connective, non-connective, and homotopy K-theory, Hochschild and cyclic homology, and topological Hochschild homology), whose associated morphisms of derivators E : HO(dgcat) → HO(M) are additive invariant of dg categories. By pre-composing them with the functor (6.0.6) we obtain several examples of additive functors E : Or(G) → M in the sense of Definition 6.0.7. Moreover, if B is a homotopically finitely presented dg category B, we obtain a "coefficients variant" E(−; B) (see § 4.6) defined as follows
Note that if B = R, the additive functor E(−; B) reduces to the composition
6.0.9. Remark. Including the Baum-Connes conjecture in our treatment would require the definition of topological K-theory of the reduced C * -algebra via dg categories and this does not exist at the moment. 
Proof. By Definition 6.0.7, E factors through a functor E : dgcat → M whose associated morphism of derivators E : Proof. Simply apply the morphism E to the (E fund , F , G)-assembly map and use the fact that E preserves arbitrary homotopy colimits.
Reduction to strictly finite dg cells
Proof of Theorem 1.3.3 . Thanks to Corollary 6.0.12, condition (1) of Thm. 1.3.3 implies condition (2) . Thanks to [24, Prop. 5.2 and Ex. 5.1] a dg category is homotopically finitely presented (Def. A.0.13) if and only if it is derived Morita equivalent to a retract in Ho(dgcat) (see § 3.2) of a strictly finite dg cell (Def. 3.1.1). Therefore, every strictly finite dg cell is homotopically finitely presented, and so condition (2) implies condition (3) . We now show that condition (3) implies condition (1) . Recall the construction of the fundamental additive functor 
is an isomorphism. By Proposition 5.2.5, the set of objects {h(B) | B ∈ dgcat sf } satisfies condition (HG) in Mot add dg and so it is enough to prove that, for every B ∈ dgcat sf , the induced map of spectra
is a stable weak equivalence. By Proposition 5.2.4, the functor Map(h(B), −) preserves homotopy colimits and so we have
Moreover, the co-representability theorem [24, Thm. 15.10] for connective algebraic K-theory in Mot add dg provides stable weak equivalences
for every B ∈ dgcat sf and H ∈ Or(G, F ). In conclusion, we are reduced to show that for every strictly finite dg cell B, the map hocolim
is a stable weak equivalence. But now, this is precisely our hypothesis, namely that the additive functors K(−; B) have the F -assembly property for G.
Appendix A. Model category tools
In this appendix we recall some material from the theory of Quillen model structures [22] and prove a technical lemma concerning homotopic generators.
Let sSet (resp. sSet • ) be the category of (pointed) simplicial sets ; see GoerssJardine [ Let I be a small category. By [11, Thm. 3.3] , the category of pre-sheaves of spectra Fun(I op , Spt) = Spt A.0.15. Definition. A set of homotopic generators is a set of objects {G j } j∈J in M such that a morphism f : F → F ′ is a weak equivalence in M if (and only if) for every object G j the induced map of spectra
is a stable weak equivalence. Proof. We use the homotopy function spectrum Map(−, Q(−)) in L S (M) as in Remark A.0.14. Let f : F → F ′ be a morphism in M which induces a stable equivalences under Map(G j , Q(−)) for all j ∈ J. Consider the commutative square
Since by hypothesis, the {G j } j∈J are homotopic generators in M, the map Q(f ) is a weak equivalence in M and so a weak equivalence in L S (M). By the two-outof-three property, we conclude that f is a weak equivalence in L S (M).
Appendix B. Grothendieck Derivators: stabilization and localization
In this appendix we give a brief introduction to derivators, recall some basic facts, and then prove that the operations of stabilization (see [24, § 8] ) and left Bousfield localization (see [24, § 4] ) commute. B.1. Derivators. The original reference is Grothendieck's manuscript [8] . See also Maltsiniotis [19] or a short account in Cisinski-Neeman [5, § 1] .
Derivators originate in the problem of higher homotopies in derived categories. For a non-zero triangulated category D and for X a small category, it essentially never happens that the diagram category Fun(X, D) = D X remains triangulated (it already fails for the category of arrows in D, that is, for
Now, very often, our triangulated category D appears as the homotopy category D = Ho(M) of some model M. In this case, we can consider the category Fun(X, M) of diagrams in M, whose homotopy category Ho(Fun(X, M)) is often triangulated and provides a reasonable approximation for Fun(X, D). More importantly, one can let X move. This nebula of categories Ho(Fun(X, M)), indexed by small categories X, and the various functors and natural transformations between them is what Grothendieck formalized into the concept of derivator.
A derivator D consists of a strict contravariant 2-functor from the 2-category of small categories to the 2-category of all categories (a. k. a. a prederivator)
subject to certain conditions. We shall not list them here for it would be too long but we refer to [5, § 1] . The essential example to keep in mind is the derivator D = HO(M) associated to a (cofibrantly generated) Quillen model category M and defined for every small category X by
We denote by e the 1-point category with one object and one identity morphism. Heuristically, the category D(e) is the basic "derived" category under consideration in the derivator D. 
